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Abstract
Variable annuities or unit-linked insurances are investments on ﬁnancial assets that
are made through a life insurance company. Some oﬀer a guarantee on a minimum
amount at maturity upon survival while some oﬀer a minimum amount guarantee
at death. If the account value of a protected variable annuity does not reach the
guarantee, the insurance company will reimburse the shortfall to the policyholder at
maturity or at death. The guarantee is funded via an initial premium and a periodic
premium which is usually a percentage of the account value of the protected variable
annuity. In addition, a deferred surrender charge (DSC) has been designed so that it
minimizes the frequency of lapses while allowing lapses, which is a legal requirement
in most countries.
This thesis aims to understand the mechanism of lapses and its impact on the
price of the protected variable annuity. While most companies see the DSC as both
an incentive not to lapse and a protection against lapses, one can deal with the
DSC as a premium to fund the guarantee. The most competitive rates of the DSC,
which are “fair” to the policyholder and the insurer are called optimal rates. We
work in the framework of Milevsky and Salisbury (2002) and provide an optimal
lapsation boundary and an optimal continuous insurance fee and DSC using backward
induction. We compare our numerical solution with the inﬁnite horizon solution of
Milevsky and Salisbury (2002). As an illustration, a “fair” price would be found for
the AXA Re maturity and death protected variable annuity, namely the GMADB




Protected investments, which we refer to in this thesis as protected variable annuities,
integrate aspects of traditional life insurance products as well as derivatives. This
connection to life insurance products and derivatives will be used to develop a model
on which the hedging and pricing of protected variable annuities is based.
1.1 Variable annuity and option pricing
An annuity or unit-linked insurance is an investment made through an insurance
company and can be categorized in three ways:
1. How the money has been invested.
Fixed rate annuities endow the investor with ﬁxed rates of return whereas vari-
able annuities are managed pools of investment on stocks, bonds and other
securities whose rates of return are directly related to the rates of return of the
portfolio.
2. When the income is desired.
The annuity can be an immediate annuity wherein the money starts to be paid
to the contract owner or annuitant on regular basis starting from the ﬁrst period
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of time, or the annuity can be deferred. For a deferred annuity, the investment
growth and compound are tax-deferred. Withdrawals may be made at one or
several points of time.
3. If money can be added within the period of the contract.
The annuity may be funded through a single premium, such that a lump sum
payment is used to purchase the annuity or through ﬂexible premium such that
additional money can be added to the same annuity contract at any time in the
future.
Protected variable annuities are similar to mutual funds in the ﬁnancial, legal and
accounting aspects except that they may contain an additional money back guarantee
upon death or at some ﬁxed horizon. Protected variable annuity markets are seen as
key players due to reform to public social security and private pension schemes. They
are widely used as deﬁned contribution savings plans and beneﬁt from tax exemptions.
The pricing of such products, which we refer to in this thesis as protected variable
annuities, is complex. One has to integrate aspects of traditional insurance with
advances in ﬁnancial mathematics and stochastic analysis. In this thesis, we approach
the pricing problem with stochastic analysis, using option pricing while adding some
special “life insurance” features. In fact, unit-linked insurance pricing is very similar
to option pricing theory, as the maturity guarantee under an equity-linked insurance
contract can be viewed as an option exercisable at maturity date or upon death,
entitling the policyholder to the greater the unit value and the guaranteed amount.
An option is a security that gives its owner the right to sell (or buy) an asset at
a ﬁxed price, under certain conditions, within a ﬁxed period of time. A put gives its
holder an option to sell shares to the other party at a ﬁxed price (strike) at a ﬁxed
time. Under some assumptions the option can be priced and its price is aﬀected by
the current price of the underlying stock, the strike price, the expiration date, the
stock price volatility, the risk-free interest rate and the dividend expected during the
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life of the option.
The precursor of all modern option pricing models was developed by Black and
Scholes (1973) and extended by Merton (1973) under the following assumptions:
1. The stock price follows a geometric Brownian motion with constant rate of
return and volatility.
2. There are no transactions cost.
3. All trading proﬁts (net of trading losses) are subject to the same tax rate.
4. The market participants can borrow money at the same constant risk-free rate
of interest they can lend money.
5. The market participants take advantage of arbitrage opportunities as they occur.
The consequence of frictions in the market has been studied by Garman and Ohlson
(1981).
1.2 Nature of the risk
Several risks have to be accounted for the pricing of protected variable annuities.
1. Mortality risk.
Mortality risk reﬂects the fact that people can die unpredictably. Mortality
risk is the conventional risk covered by life insurance. As individual lives are
independent, the risk may be nearly eliminated by pooling or diversiﬁcation. For
a large number of people, the probability distribution of the beneﬁt payment
can be replaced by the expected payment discounted at an appropriate interest
rate.
2. Financial risk.
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A dramatic decline in stock prices simultaneously will render the insurer liable to
all the contracts. Investment risk will aﬀect all the contracts simultaneously and
in the same direction. The pooling of risk will have no eﬀect. Some investment
strategy such as hedging can protect the insurer from the risk, assuming that
the market is frictionless.
3. Lapse risk
Usual pricing methodologies do not include lapses in the calculation since they
assume that the price of the guarantee is paid at the time of acquisition via
a single premium. The guarantee is actually funded by an insurance charge
deducted on a periodic basis. In case of lapses, losses or gains are of three
types:
• Insurance fees will not be paid after the lapse, but have already been in-
cluded in the model that designs the price, usually a hedging strategy.
• The death or accumulation guarantee does not apply. The net value of the
underlying after deduction of a penalty (the DSC) would be given to the
lapsing policyholder instead of the maximum between the underlying and
the guaranteed amount.
• The insurer may not have the cashﬂow available.
The lapses are deﬁned as “rational lapses” and “irrational lapses”. Irrational
lapses are irrespective of the underlying fund behavior. The irrationality comes from
the insurer’s point view, as there is no economic reasons to lapse the contract; although
people may have good personal reasons to lapse. Such lapses can be modeled by a
ﬁxed rate, as it is in regular life insurance policies. Irrational lapses lead to a surplus
of revenue to the insurer. In the absence of transaction costs, rational lapses are
made as soon as the current value of the underlying net of the DSC is higher than
the expected payoﬀ.
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The worst case scenario, the one that has to be hedge against, is that all remaining
individuals opt to lapse simultaneously at the worst possible time for the writer of
the policies. This is clear for economic considerations, and we have built rational
lapsation into our model.
The model presented in Milevsky and Salisbury (2000) includes the eﬀect of lapses
(and surrenders) in the construction of a self ﬁnancing portfolio and in the determina-
tion of the continuous insurance fee and the DSC. The value of the DSC is related in
an explicit way to the personal lapsation decision which is formulated as an optimal
stopping problem.
1.3 Literature review
Over the last 20 years, there have been several works in the insurance and ﬁnance
literature that tackled the issue of maturity and death protected variable annuities.
Maturity and death protected variable annuities also come under the names of unit-
linked policies, equity-linked life insurance policies and protected investments.
Brennan and Schwartz (1976) showed the existence of an “equilibrium value” for
equity-linked life insurance policies with an asset value guarantee and determined their
value. Given a perfect frictionless securities market, the equilibrium price is the most
competitive price ensuring that the insurance company would not make abnormal
proﬁts or losses. Boyle and Schwartz (1977) set up the theoretical framework for
valuing variable annuity guarantees. In particular, variable annuities with maturity
guarantees can be priced using the Black and Scholes (1973) and Merton (1973)
option pricing frameworks under standard assumptions listed at the end of Section
1.1. Maturity guarantees under an equity-linked insurance contract can be viewed as
options exercisable at the maturity date. The market is assumed to be complete in
ﬁnancial and mortality risk.
Based on this framework, further research has been carried out on exotic structures
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by Ekern and Persson (1996) or on stochastic interest rate by Bacinello and Ortu
(1994) and Nielsen and Sandmann (1996). These works have focused on locating the
initial premium that funds the guarantee.
New types of variables annuities have been introduced in the market. In particular,
some with reset features allow the policyholder to lock in gain market while the time
to maturity is also reset. Boyle, Kolkiewics and Tan (1999) and Windcliﬀ, Forsyth
and Vetzal (2000) have priced these products using a numerical partial diﬀerential
equation (PDE) approach and the Monte Carlo method, respectively.
A breakthrough was made by Milevsky and Posner (2000) who analyzed the cost
structure of variable annuities with death beneﬁts and uncovered the wide gap between
fair insurance fees and insurances charges prevalent in the industry. They highlighted
the importance of the DSC in completing the market, thereby allowing the claim to be
hedged. Subsequently, Milevsky and Salisbury (2002) included a (possibly irrational)
lapse behavior in the pricing of the guarantee and periodic premium.
Hardly any paper, other than Milevsky and Salisbury (2002), has tackled the
issue of lapses. Most of the life insurance companies apply a lapse charge, commonly
called the deferred surrender charge or DSC to any lapsing policyholder. The charge
is designed to minimize the lapses, and based on the value of the charge a lapse
behavior is included. As an example, AXA Re currently includes lapse behavior in
its liabilities by generating stochastic lapse rates as a linear function of the surrender
charge schedule, market performance, and tax status of the policyholder.
Another way to model the lapse behavior is to consider variable annuity products
as American put options, and adopt the option pricing methodology. The problem can
be seen as an optimal stopping problem. In particular, the binomial tree technique
may be applied to ﬁnd the lapsation boundary.
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1.4 Thesis organization
In the thesis we will focus on the eﬀect of lapse in the valuation of maturity and death
protected variable annuities. An optimal lapsation boundary and a fair price would
be given for the AXA Re maturity and death protected variable annuity (Guaranteed
Minimum Accumulation Beneﬁt and Death Beneﬁt, or GMADB in short). The DSC
would be set up not only as an incentive to stay in the contract but as a mechanism
to fund the option. The closed form solution for a fair price has been given in the case
of constant rates and inﬁnite maturity by Milevsky and Salisbury (2002) by solving
a PDE. In the ﬁnite maturity case, we will provide a numerical solution using the
binomial tree.
Chapter 2 presents Milevsky and Salisbury’s (2002) main results and illustrates
them using the AXA Re Guaranteed Minimum Death Beneﬁt (GMDB). One example
includes an irrational lapse behavior and an ineﬀective insurance fee. In Chapter 3, the
ﬁnite horizon problem is formulated and solved numerically using backward induction.
For a given DSC and continuous insurance fee, the initial price of the guarantee will
be computed. A search procedure is then developed in Chapter 4 to determine the
DSC and continuous insurance fee pair such that the initial price of the guarantee
equals the initial premium. Extensions for future work are given in Chapter 5.
Chapter 2
Deferred surrender charge as a
mechanism to fund the protected
variable annuity
2.1 Framework of Milevsky and Salisbury (2002)
We will focus on variable annuities with death and maturity guarantees funded by
a continuous insurance charge. The policyholder pays exactly $1 at time t = 0 to
the insurance company to acquire a variable annuity with a money back guarantee
at maturity T . No monies can be added throughout the contract. There is a death
protection: if death occurs before maturity (when there is one), the heirs receive the
maximum of the current value of the variable annuity and the guaranteed amount. If
there is only a death guarantee with no expiry, then we set T = ∞. The maturity
guarantee can be seen as a put option with strike $1 that matures at time T . Since
the variable annuity has a maturity guarantee, the policyholder will get the maximum
of the current account value and the guaranteed amount at time T .
8
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2.1.1 Underlying asset
In the most general formulation the physical price process for the underlying asset
satisﬁes
dUt = (µt − αt)Ut dt + σ(Ut, t) dBt, U0 = 1,
where Bt is a standard Brownian motion, µt the drift rate, net of any non-insurance
management fees, and αt is the continuous insurance charge that pays for the option.
Actual dividends are assumed to be completely reinvested in the fund, and therefore
absorbed in µt. The insurance charge αt can be viewed as a dividend outﬂow and can
be divided into two parts:
αt = α1t + α2t,
where α1t is the part of the insurance fee used for hedging and α2t is allocated to
other purposes, such as management expenses and trailers fees. The continuous-
time payment αtUt ﬂows to the insurance company providing the maturity and death
guarantees. In practice, the underlying fund consists of individual securities, each
following its own diﬀusion process. Without loss of generality, we will focus on the
variable annuity value Ut and assume that it can be treated as a single asset.
The risk neutral process for the mutual fund which we use for our computation is
dUt = (rt − αt)Ut dt + σ(Ut, t) dB˜t, U0 = 1,
where rt is the risk-free short term interest rate that replaces the drift µt and B˜t is a




denote the standard money market account. The capital invested by all the fund
owners is denoted as v0U0 = v0.
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2.1.2 Death and lapsation
Death of policyholders is assumed to follow a distribution with deterministic param-
eters. Let λ1t ≥ 0 be the death hazard rate for the insured population holding the
variable annuity. We let
β1t = e
− ∫ t0 λ1s ds
denote the probability of any individual within the group surviving to time t, condi-
tioned on being alive at time 0.
Lapsation occurs when the policyholder decides to cancel the variable annuity
before maturity (and death). The policyholder will get back the market value of the
fund after deduction of some penalty.
• Lapsation can be rational. In the absence of transaction cost, if the discounted
expected value of the guaranteed fund deducted of a penalty is lower than the
current account value, a rational policyholder would lapse and repurchase the
guarantee. This particular time when reached for the ﬁrst time is called the
optimal lapsation time. We assume that if lapsing is rational at one point in
time then all the remaining policyholders will lapse. This implies that all the
policyholders are reactive to the market which is consistent with the standard
ﬁnancial assumption 5 of Section 1.1. Excluded from our model are policyholders
who, regardless of what happens to the fund, would only use the contract as a
death protection to secure money in case of death. This case is the worst case to
hedge against, and any policyholder remaining in the contract after the optimal
lapsation time would beneﬁt the insurer.
• Lapsation can be irrational. Policyholders may lapse before or after the optimal
lapsation time although it is not the best proﬁt strategy. Irrational lapses are
modeled by a probability distribution with deterministic parameters and do not
depend on the performance of the underlying fund.
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We let
β2t = e
− ∫ t0 λ2s ds
denote the probability of any individual not lapsing irrationally up to time t, where λ2s
is the lapsing rate for the insured population holding the variable annuity. Irrational
lapses, if not included in the model, would lead to a surplus of revenue for the insurer,
since we hedge against the worst case. Including irrational lapses makes the rates
(α1, k) more competitive.
Irrational lapses and death are the two ways of ending the contract before maturity.
We let
βt = e
− ∫ t0 λs ds
denote the probability of any individual within the group remaining in the contract
at time t, where λt = λ1t + λ2t.
Although not considered in this thesis, one may try to further stratify the initial
population of policyholders into groups of diﬀerent lapsation behaviors, for example,
never lapse, only lapse rationally and only lapse irrationally. The hedge portfolio
would be a weighted sum of three sub-hedge portfolio, the ﬁrst one hedging the group
of population that never lapses, the second one hedging the group of population that
only lapses rationally, and the third one hedging the group of population that only
lapses irrationally.
2.1.3 Deferred surrender charge
The policyholder can lapse the contract at any time 0 ≤ t < T and immediately
receive an amount
(1− kt)Ut,
where 0 ≤ kt < 1. The deterministic function kt represents the deferred surrender
charge (DSC) which goes to the company insuring the contract and Ut is the value
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of the underlying asset at time t. One usually thinks of the DSC as an incentive
to remain in the contract, but it can also be used as a mechanism for funding the
guarantee. Intuitively kt can be seen as a back-up for the continuous insurance charge
αt, in the event the policyholder lapses before the original option has been fully paid
for.
One could also incorporate non-hedging DSCs. Unlike non-hedging insurance
charges these have no eﬀect on how the contracts are hedged, since their only ef-
fect is that the policyholder recovers less than (1 − kt)Ut upon lapsing. For this
reason we exclude such a possibility.
2.1.4 Death and maturity guarantees
Protected variable annuities may oﬀer either a maturity guarantee or a death guar-
antee, or both, with a rate of growth g ≥ 0. A variable annuity with death protection
is referred to as a Guaranteed Minimum Death Beneﬁt (GMDB). A variable annuity
with maturity and death protection is referred to as a Guaranteed Minimum Accu-
mulation and Death Beneﬁt (GMADB).
Let
G(Ut) = max{egt, Ut}
denote the guaranteed amount, where g ≥ 0 is the guarantee rate, usually taken to be
greater than the risk-free interest rate. The fund payoﬀ can be described as follows.
For a GMDB (i.e., death guarantee only), if the policyholder dies before maturity of
the contract, his heir will get the beneﬁt amount G(Uτ ), where τ is the stochastic
time of death. For a GMADB (i.e., both death and maturity guarantees), the ﬁnal
payoﬀ to a surviving policyholder would be G(UT ).
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(1− kt)Ut, t < T (if lapsed),
max{egτ , Uτ}, t = τ (at death for GMDB and GMADB),
max{egT , UT}, t = T (at maturity for GMADB),
UT , t = T (at maturity for GMDB).
2.1.5 The hedge portfolio
The insurance company selling the variable annuity hedges the guarantee by trading
in the underlying asset St (not the fund Ut) and the money market account Rt during
the life of the product. The physical price process of the traded underlying account
(under the risk-neutral measure) is
dSt = rtSt dt + σ(St, t) dB˜t, S0 = 1.
Up to the optimal lapsation time, the hedge portfolio will be denoted by
dVt = ϕt dSt + ψt dRt − ct dt, (2.1)
where ϕt is the amount held in the underlying security, ψt is the amount invested in
the money market account, and
ct dt = v0βt
{
λ1tG(Ut) + [λ2t(1− kt) + α2t]Ut
}
dt
is the consumption outﬂow due to death, irrational lapses and non-hedging insurance
fee. The parameters λ1t and λ2t (hence βt = e
− ∫ t0 (λ1s+λ2s) ds) are unknown but may be
estimated using past data regarding death and irrational lapse. Note that the way of
hedging (i.e., how the money is really invested) has no impact as long as the value of
the portfolio is the one mentioned above.
By the deﬁnition of a hedging strategy, the value Vt of hedge portfolio must exceed
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the value Lt of the liabilities at any time 0 ≤ t ≤ T . We must have
Vt ≥ Lt =
⎧⎪⎪⎨
⎪⎪⎩
v0(1− kt)βtUt for 0 ≤ t < T,
v0βTG(UT ) for t = T,
(a.s.).
The portion v0(1 − kt)βtUt covers “the lapsation value” of the fund, for the fraction
βt who are still alive, while v0βTG(UT ) covers the maturity guarantee. The hedge
portfolio must safeguard the insurance company from any loss. Its value must always
exceed the liability, so that in our framework the insurance company will certainly
not suﬀer any loss. All the risk comes from the inadequacy of our model to the real
world, since we hedge against the worst case scenario almost surely. From equation
(2.1), Vt is not necessarily a self-ﬁnancing portfolio unless αt and kt have been chosen
appropriately. In fact, the variable annuity is self-ﬁnancing if and only if the initial
cost V0 of the hedge is equal to the originally invested capital v0 of all the fund owners.
• V0 > v0 induces a loss for the insurance company, since the amount originally
invested does not cover the hedge.
• V0 < v0 induces a loss for the policyholder, since the expected value of the hedge
portfolio is lower than the amount invested.
2.2 Mathematical formulation
2.2.1 Model assumptions
The mortality risk is assumed to be completely diversiﬁable. Diversiﬁable implies that
there is a very large pool of insured fund owners—each of whom invests a relatively
small amount in the protected variable annuity—so that a fraction βtλt dt of the pop-
ulation dies between t and dt. Standard ﬁnancial assumptions, such as assumptions
2–5 of Section 1.1, are also made. Finally, we assume that all the policyholders are
aware of and reactive to the current price of the guarantee. This means that all
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policyholders will lapse when it is worth lapsing. The irrational lapse behavior is a
deterministic function which excludes the impact of market trends on policyholder
behavior.
2.2.2 Formulation as an American contingent claim
Using the martingale pricing theory, Milevsky and Salisbury (2002) derived the value
function of the hedge portfolio:

























(1− kt)βtUt for 0 ≤ t < T,
βT max{egT , UT} for t = T,
where v0 is the originally invested capital of all the policyholders and E˜ the risk-
neutral expectation.
Consequently the initial value V0 of the hedge portfolio for a variable annuity is























(1− ks)βsUs/Rs for 0 ≤ s < T,
βTG(UT )/RT for s = T,
and the discounted sum of all payments made at death, irrational lapses and contin-






λ1tG(Ut) + [λ2t(1− kt) + α2t]Ut
}
dt.
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Given αt, kt and other parameters of the problem, equation (2.3) provides a value
for the initial cost of the hedge V0. The expectation takes into account the DSC kt
as a mechanism to fund the option. In order to ﬁnd the optimal (or “fair”) hedge
portfolio, αt, kt have to be “designed” such that
V0 = v0.
The value of DSC is thus related in an implicit way to the personal lapsation decision,
which can be formulated as an optimal stopping problem.
In the most general case, there is no analytic solution. However, the problem can
be tackled when we impose a structure on the hazard rate λt = λ1t+λ2t, the maturity
guarantee, the insurance fee αt and the DSC kt. In the case of inﬁnite maturity, the
problem can be solved in closed form (see Section 2.4). For ﬁnite maturity guarantees,
we need to make use of numerical methods to locate the optimal price for the guarantee
(see Chapters 3 and 4).
2.2.3 Constant rate approximations
In order to build a tractable pricing model, we make the following assumptions. First,
a geometric Brownian motion with constant volatility σ is assumed for the underlying
asset, i.e., σ(St, t) = σSt. Further, all rates are assumed to be constant.
• Constant interest rate: rt ≡ r so Rt = ert.
• Constant death hazard rate (i.e., exponential mortality): λ1t ≡ λ1 so the prob-
ability of surviving up to time t is β1t = e
−λ1t.
• Constant irrational lapse rate: λ2t ≡ λ2 so the probability of not lapsing irra-
tionally up to time t is β2t = e
−λ2t.
It will be useful to let λ = λ1 + λ2 and deﬁne βt = e
−λt to be the probability of
remaining in the contract up to time t. Finally, all fees are assumed to be constant.
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• Constant continuous insurance fees (both hedging and non-hedging): α1t ≡
α1 > 0 and α2t = α2 ≥ 0. This is a common practice in the industry.
• Constant deferred surrender charge: kt ≡ k.
2.3 Closed form results for infinite maturity
For this section, we assume that T = ∞, which means that the maturity guarantee
never applies so there is only a death guarantee. The contract is a GMDB with no
expiry date.
2.3.1 Hedgeability of the guarantee
It turns out that the variable annuity is hedgeable only under certain conditions on
the rates g, r and λ2. The ﬁndings of Milevsky and Salisbury (2002) are summarized
below.
• If
g > r + λ2,
then no combination of DSC k and insurance fee α can be found to satisfy
V0 = v0. In this case, the variable annuity is unhedgeable.
• If
g ≤ r + λ2,
then there is a feasible interval
[αL, αH ] with 0 ≤ αL < αH <∞
for which there exists a perfect hedge.
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1. If, further, irrational lapses are included in the model (so λ2 > 0), then
αL and αH can be attained. When λ2 is large, some DSC k and a null
continuous insurance fee α = 0 can be enough to fund the guarantee.
2. If, instead, no irrational lapses is assumed, then only a range of values
k ∈ [kL, 1] with kL > 0
can be enough to fund the guarantee.
In the sequel, we will assume that g ≤ r+λ2. Given this condition on g, r and λ2,
the problem can be written as an implicit equation of k and solved using Newton’s
tangent method. Interestingly, if we consider the simple case (to be distinguished
from the “reﬁned” case without assuming the following) of
• no management fee (i.e., all of the insurance fee is used for hedging): α2 = 0 so
α = α1,
• no irrational lapses (i.e., all the lapses are assumed to be rational): λ2 = 0 so
λ = λ1, and
• zero guarantee growth rate (industry practice): g = 0 so the death guarantee is
G(Uτ ) = max{1, Uτ}, where τ is the stochastic time of death,
then the guarantee is perfectly fundable when r > g for some insurance fee α > 0 and
the corresponding DSC is of closed form:
k = 1− λ
λ + α
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is the optimal lapsation boundary (such that it is rational to lapse when and only
when the fund appreciates in value to L) and
a1 =



























Thus, in this simple case, the pair (α, k) deﬁnes a viable region for funding the guar-
antee and there is no viable pair (α, k) = (0, k) or (α, k) = (α, 0) that can fund the







λu/(λ + α) + b1u
a1 + b2u
a2 , 1 ≤ u ≤ L,
(λ + rua1)/(λ + r), 0 ≤ u ≤ 1,
is the solution of the following ordinary diﬀerential equation:
(r − α)uW ′(u) + (σ2u2/2)W ′′(u)− (λ + r)W (u) = −λmax{1, u};
see Milevsky and Salisbury (2002) for details and for the solution in the general case.
2.3.2 Illustration using the AXA Re GMDB
We ﬁrst note that AXA Re usually charges for the GMDB with maturity T = 8 years,
a death protected variable annuity, the following rates:
• 25 basis points (bp, with 100 bp = 1%) for the insurance fee,
• 70 bp for the management fee (asset manager’s fee plus insurer’s fee),
• 1% for the DSC,
CHAPTER 2. DSC: A MECHANISM TO FUND PROTECTED ANNUITIES 20
under the following market conditions:
1. risk-free interest rate: r = 4.6%.
2. volatility: σ = 12.9%, and
3. mortality rate: λ1 = 1/40 year
−1.
Values for the market conditions are conservative, which means that AXA Re rounds
the risk up to its maximum. For example, an increase in the mortality rate would
increase the liabilities of the insurance company, so the mortality rate is at the worst
case 1/40 year−1 if not below this value.
We compute the optimal lapsation boundary L and optimal DSC k (as α1 varies) of
a death protected variable annuity with no expiry date for comparison with the AXA
Re GMDB using the parameters given in Table 2.1. The Matlab codes for these com-
putations (as well as the plots that follow) are given in Appendix A: together graph
and lapse level for the simple case, and together graph RC and lapse DSC RC for
the reﬁned case. In the reﬁned case, the implicit equation is solved using the Matlab
optimization function which is based on Newton’s method and converges quickly.
Figure 2.1 displays the relation between the continuous insurance charge and the
optimal lapsation level. Under the assumptions of constant rates, the lapsation level
is stationary (i.e., does not change over time). The more volatile the market is, the
higher the lapsation level is. The higher the insurance fee is, the more likely the
policyholder would lapse. Including the eﬀects of irrational lapse or non-hedging
insurance fee does not change the lapse level very much from the simple case. To be
more precise, irrational lapses decrease the lapse level and non-hedging insurance fee
increases the lapse level and the combination of the two has little eﬀect.
There is a value αH such that the optimal lapsation value hits the value 1, which
implies that one should lapse the contract instantaneously after purchasing it. When
σ = 12.9% and the continuous insurance fee α exceeds 43 bp (simple case) or 50 bp
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σ = 12.9% 
Simple case
Figure 2.1: Optimal lapsation boundary for a GMDB with no expiry date for the
parameters given in Table 2.1.
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Table 2.1: Parameters used to compute the optimal lapsation boundary L and optimal
DSC k (as α1 varies) of a perpetual death protected variable annuity for comparison
with the AXA Re GMDB.
Simple case Reﬁned case
Risk-free interest rate, r 4.6%
Volatility, σ 12.9% and 25%
Guarantee growth rate, g 0%
Mortality rate, λ1 1/40 year
−1
Irrational lapse rate, λ2 0% 2%
Insurance fee, α1 20–200 basis points
Management fee, α2 0 bp 100 bp
(reﬁned case), the lapse level is below 1, which means that a rational policyholder will
immediately lapse the contract.
Figure 2.2 displays the relation between the continuous insurance charge and the
contingent DSC. The DSC k decreases with the continuous insurance fee α1 used
for hedging because the DSC and continuous insurance fee complement each other
in funding the guarantee. All combinations of (α, k) on the curve represent viable
charges for the option. In other words, there is no unique price for the protected
variable annuity. Any of the pairs would create enough money to construct a self-
ﬁnancing portfolio to hedge the option. There is no right or wrong value for the
continuous insurance charge, provided the DSC is chosen accordingly.
Assuming that the full amount of the insurance fee is used for hedging purpose and
that there is no irrational lapse (simple case), the contract is not fair to the policy-
holder. A rational policyholder would immediately lapse the GMDB, in other words,
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σ = 25% 
σ = 12.9% 
Figure 2.2: Optimal price of a GMDB with no expiry date for the parameters given
in Table 2.1.
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Table 2.2: Eﬀect of irrational lapses on the optimal lapse level and on the optimal
DSC k for a perpetual death protected variable annuity with α1 = 60 bp, σ = 25%
and other parameters given in Table 2.1.








would not purchase the guarantee. A more careful study in the reﬁned case reaﬃrms
this conclusion even after taking into account irrational lapses and a management fee.
The study shows that the insurance fee α1 should not exceed 40 bp for the product to
be marketable. From the simulations for a given continuous hedging insurance charge
α1 the corresponding DSC not surprisingly increases with the non-hedging insurance
fee α2 and decreases with the irrational lapse rate λ2.
Finally, the optimal lapse level and fair DSC are very sensitive to irrational lapses,
as we can see in Table 2.2. It is not surprising to notice that the surrender charge is
decreasing in the irrational lapse rate λ2, as irrational lapses are actually proﬁtable
to the insurer when the market is liquid. The values are given in the same market
framework above for α1 = 60 bp.
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2.3.3 From infinite maturity to finite maturity
The assumption of inﬁnite maturity has been critical to our analysis so far since the
analytic form of the solutions relies on this assumption. In practice, perpetuity is
never a feature in death protected variable annuities. For example, the AXA Re
GMDB usually expires after 8 years, thus terminating the guarantee protection. In
the next two chapters, we develop a methodology for pricing variable annuities with
ﬁnite maturity.
Chapter 3
Lapsation of protected variable
annuities
In this chapter we propose a numerical method to ﬁnd the optimal lapsation boundary
and the initial hedge cost of a maturity protected variable annuity. We continue to
work in the framework of Section 2.2.3 (constant rates and fees). The maturity is
ﬁnite and the case of study includes an irrational lapsation behavior as well as a
non-hedging insurance fee.
3.1 Cost of hedging and formulation as an optimal
stopping problem
Using equation (2.2) with constant rates, the initial cost of the hedge portfolio for the
maturity and death protected investment (GMADB) can be written as V0 = V (0, 1),
26
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where V (t, U) is the value function deﬁned by
















e−λt(1− k)Ut for 0 ≤ t < T,
e−λt max{egT , UT} for t = T.
We note that V0 is decreasing (or strictly decreasing when λ2 > 0) in α1 and in k.
Thus when λ2 > 0, for any value of α1, there is at most one value of k that makes
the portfolio self-ﬁnancing. Similarly, when λ2 > 0, for any value of k, there is at
most one value of α1 that makes the portfolio self-ﬁnancing. Based on this property,
in Chapter 4 we will solve numerically for the optimal pair (α1, k) such that V0 = v0.
There is a cost associated with remaining in the contract, and there is a cost for
not lapsing at the right time. Thus, as a policyholder, the key question is “When shall
I lapse the contract to get the maximum proﬁt?” For the insurer, the key question
is “What is the worst case scenario, and up to how much would I be liable?” In
particular, the insurer would have to pay back the variable annuity guarantee earlier
than expected when all the policyholders lapse. In this chapter we concentrate on
ﬁnding the optimal boundary in the space [0,∞) × [0, T ] between where it is worth
lapsing and where it is not worth lapsing. From the boundary an initial hedge cost
can be computed.
Speciﬁcally, since V (t, U) is increasing in U , a border exists between the two
regions representing lapse and no-lapse. For any 0 ≤ t < T , there exists a price level
Ustop(t) for the underlying fund such that
Ut ≥ Ustop(t) ⇒ it is optimal to lapse,
Ut < Ustop(t) ⇒ it is not optimal to lapse.
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The value of the hedge portfolio would be calculated from the optimal boundary,
depending on whether policyholders lapse or do not lapse.
The stochastic process Vt is a Markov process, since only the current level of the
fund is relevant for predicting the future. The problem is an optimal stopping problem
where the two possible control actions at any time are to lapse the contract or to
continue holding the contract. If the policyholder stops at time 0 < t < T , the
variable annuity will bear a “stopped” payoﬀ of (1− kt)Ut; if he continues, there is a
realized cost to bear and a cost to be realized in the future (the outﬂow due to death
and non-hedging insurance fee).
Keeping the maturity ﬁnite, no closed form solution can be found for (3.1). Thus,
we concentrate on a numerical solution for the price of the hedge portfolio.
3.2 Dynamic programming solution
We will solve equation (3.1) to get a value for V0 by dynamic programming, which
has its basis in the Bellman principle:
“An optimal sequence of controls in a multistage optimization problem
has the property that whatever the initial stage, state and controls are,
the remaining controls must constitute an optimal sequence of decisions
for the remaining problem with stage and state resulting from previous
controls considered as initial conditions.”
Following Dupuis and Kushner (1991), we consider the discrete-time analog of
(3.1) and solve the discrete-time optimal stopping problem by looking for the most
proﬁtable strategy at every step of a suitably discretized process.
To this end, we will need the following result from Dupuis and Kushner (1991).
Let Xt be a stochastic process and let h and g be nonnegative functions such that for
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0 ≤ ν ≤ T ,
E[h(ν,Xν) |Xt = x] <∞ and E[g(ν,Xν) |Xt = x] <∞.
For a discount factor β > 0, deﬁne the value function





e−βqh(q, x) dq + e−βνg(ν, x)
]
,
where ν is a stopping time. Suppose that the stochastic process Xt can be discretized
between t and t + δ as follows:






where yi, i = 1, 2, . . . , are diﬀerent states of the stochastic process Xt at time t + δ.
Consider the following discrete-time dynamic programming equation for approximat-
ing V (t, x) using the discrete-time discrete-state approximation of the stochastic pro-
cess Xt just described:






δ(t + δ, yi) + h(t, x)δ, g(t, x)
}
,
where p(x, y) is the transition probability from state x at t to state yi at t+ δ. Then,
provided that the transition probabilities p(x, yi) are chosen such that the discretized
process converges to the stochastic process Xt almost surely when δ → 0, the discrete-
time dynamic programming equation converges to the value function V (t, x).
In our setting, it is well known that the geometric Brownian U motion can be
approximated by a two-step binomial tree:
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see Cox, Ross and Rubinstein (1979). Since the binomial tree converges almost surely
to geometric Brownian motion as δ → 0, the approximation is reasonable when δ ≤
10−3.
As a result, the approximating dynamic programming equation for the value func-
tion (3.1) is given by
V δ(t, U) = v0 max
{
e−(r+λ)δ [pV (t + δ, Uu) + (1− p)V (t + δ, Ud)]
+ [λ1(e
gt ∨ U) + (λ2(1− k) + α2)U ]δ, (1− k)U
}
, 0 ≤ t < T,
(3.2)
with





For 0 ≤ t < T , the portfolio covers the rational lapses and an outﬂow due to irrational
lapse and death while for t = T , the portfolio covers the maturity guarantee.
The approximating dynamic equation has been implemented in Matlab; refer to
the programs portfolio, optimisation and opti alpha in Appendix A. These rou-
tines may be easily adapted to other deterministic scenarios for mortality, irrational
lapse behavior and the surrender charge.
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Table 3.1: Parameters used to compute the initial hedge cost and optimal lapsation
boundary of a death and maturity protected variable annuity with expiry in 8 years
for comparison with the AXA Re GMADB.
Risk-free interest rate, r 4.6%
Volatility, σ 12.9% and 25%
Guarantee growth rate, g 0%
Mortality rate, λ1 1/40 year
−1
Irrational lapse rate, λ2 1%
Insurance fee, α1 90 basis points
Management fee, α2 70 basis points
DSC, k 1%
At every discrete time, there is a value Ustop(t), 0 ≤ t < T , above which it is
rational to lapse. The optimal lapsation strategy is to lapse the ﬁrst time when
Ut ≥ Ustop(t), i.e, to lapse at the random time ν given by




U : (1− k)U ≥ e−(r+λ)δ [pV δ(t + δ, Uu) + (1− p)V δ(t + δ, Ud)]
+ [λ1(e
gt ∨ U) + (λ2(1− k) + α2)U ]δ
}
.
3.3 Illustration using the AXA Re GMADB
We look at a GMADB example with AXA Re market assumptions (see page 20).
Other parameters are listed in Table 3.1.
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Figure 3.1: Binomial tree of underlying fund value Ut with r = 4.6%, σ = 12.9% and
α = α1 + α2 = 160 basis points.
3.3.1 Optimal lapsation boundary
For illustration, we will generate a scenario with 6 discrete times (so δ = 1.6 years)
for a maturity and death protected variable annuity (GMADB) expiring in 8 years.
The underlying fund value Ut will have the behavior given by the binomial tree in
Figure 3.1 with p = 0.6093 (σ = 12.9%).
At any time, the policyholder can either stop or continue. The best proﬁt strategy
is to stop the ﬁrst time it is worth stopping. Based on Bellman principle, if the
policyholder has not stopped at the ﬁrst lapsing opportunity, the optimal strategy
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from that point onwards is to lapse at the next lapsing opportunity. In Figure 3.2,
the optimal lapsation behavior is shown for a GMADB with the underlying fund of
Figure 3.2; 0 denotes that it is worth lapsing (i.e., Ut ≥ Ustop(t)) and 1 that it is
worth remaining in the contract. Note that the policyholder has no reason to lapse
at maturity. Before maturity he will lapse if and only if the current account value
deducted of the penalty k is above the expected gain.
The GMADB contract as it is currently priced by AXA Re is viable from the
policyholder’s point of view, since policyholders do not almost surely lapse. As men-
tioned earlier, the higher the account value is, the less worthy the guarantee is and the
more likely people are to lapse. The border between lapsing (above) and not lapsing
(below) is clearcut. Moreover, it is worth entering the contract for the policyholder.
The optimal lapsation boundaries are computed more carefully using δ = 2×10−3 for
σ = 12.9% and 25% and displayed in Figure 3.3. Although δ > 10−3, the estimation
proved to be good enough since the value stabilizes to its limit. Memory constraints
do not allow us to use a ﬁner grid in Matlab. At time t = 0, for a policyholder paying
the fees (α1, k) = (90 bp, 1%) it is worth lapsing if the account value U0 is above 1.13
(σ = 12.9%) or 2.01 (σ = 25%). Since this is not the case, it is worth entering into the
contract. When t is close to maturity, the lapse level increases abruptly to inﬁnity.
Indeed, it is not optimal to lapse a short time before maturity so the “best strategy”
then is to wait (for death or maturity, whichever comes ﬁrst). Finally, the lapsation
boundary increases (in the sense of being higher) when the volatility increases, since if
the volatility is higher, then the policyholder would want to see a bigger appreciation
in the fund value, at least initially, before deciding to lapse.
3.3.2 Cost of the hedge portfolio
The cost of the hedge portfolio corresponding to the GMADB with the underlying
fund of Figure 3.2 is given in Figure 3.4. We have rescaled all values so that v0 = 1.
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Figure 3.2: Binomial tree of optimal lapsation behavior (0 = lapse, 1 = carry on)
for a variable annuity (GMADB) with parameters given in Table 3.1 (the case of
σ = 12.9%).
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σ = 25% 
σ = 12.9% 
Figure 3.3: Optimal lapsation boundary for a GMADB with expiry in 8 years for the
parameters given in Table 3.1.
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The maturity guarantee applies in the last 3 terminal nodes of the binomial tree
where V δT = VT = 1 > UT . The liability for the insurer would be VT − UT = 1− UT .
For the other maturity nodes, V δT = VT = UT . From the maturity values V
δ
T of
the hedge portfolio, we apply backward induction using the approximating dynamic
programming equation (3.2) to compute the initial value V δ0 = V
δ(0, 1). Since V δ0 > 1,
it is worthwhile for the policyholder to enter into the contract. On the other hand, the
insurer would suﬀer a loss since the amount invested v0U0 = 1 would not be enough
to cover the initial cost of hedge. The binomial tree of values V δ(t, U) converges to
V (t, U) when δ → 0. When δ = 2× 10−3, the initial cost of the hedge is V δ0 = 0.9979
which means that it is no worth entering the contract.
In this chapter, we have demonstrated how to compute the initial cost of hedge
and the corresponding optimal lapsation strategy associated with a given pair (α1, k)
of charges. In the next chapter we will deal with the location of optimal charges
(α1, k) such that the terms of the variable annuity are “fair” to both insurer and
policyholder.
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Figure 3.4: Binomial tree of hedge cost V δ(t, U) for a variable annuity (GMABD)
with parameters given in Table 3.1 (the case of σ = 12.9%).
Chapter 4
Optimal pricing of protected
variable annuities
At time t = 0, the policyholder invests v0 in the underlying fund and is committed to
fund the guarantee through a continuous insurance premium α = α1 +α2 and a DSC
k in case of lapse. The contract should be hedgeable on the basis of the initial deposit,
which implies that the initial value V0(α1, k) of the portfolio should be inferior to the
initial deposit v0, i.e., V0 ≤ v0. On the other hand, to be fair to the policyholder
the price of the guarantee should not exceed the cost V0 of the hedge, i.e., v0 ≤ V0.
Saying that the contract is hedgeable on the basis of the initial deposit is equivalent
to saying that the portfolio is self-ﬁnancing. By rescaling all values, it suﬃces to set
v0 = 1, which we do throughout the sequel. In this chapter we will concentrate on
ﬁnding a fair price for the guarantee.
4.1 Existence of optimal charges
A fair price for the guarantee is a pair (α1, k) such that the initial cost V0 (as a function
of (α1, k)) of the hedge is exactly equal to the amount invested v0 = 1. Since V0 is
continuously decreasing in α1 and in k, it can be shown that for a given α1 (resp. k),
38
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there is at most one k (resp. α1) such that the optimal price exists.
As an illustration of the existence of such a fair pair, we compute the initial
value of the hedge portfolio for diﬀerent pairs (α1, k) of the insurance fee used for
hedging purposes and the DSC under the AXA Re market conditions (see page 20).
Speciﬁcally, we rescale all values so that v0 = 1 (as in Section 3.3.2) and use the
parameters of Table 3.1 (the case of σ = 12.9%) with α1 ∈ [0, 200] basis points and
k ∈ [0, 35]%. A reasonably good approximation for the initial value V0 is obtained
from the approximating dynamic programming equation (3.2) with δ = 5 × 10−3.
A three-dimensional plot of V0 for diﬀerent values of (α1, k) is given in Figure 4.1.
Various projections (for ﬁxed α1 or ﬁxed k) are shown in Figure 4.2.
From Figures 4.1 and 4.2, we observe that the value of the hedge portfolio crosses
the value 1 with a large gradient. For any reasonable α1, say α1 ∈ [50, 200] basis
points, there exists a k(α1) such that V0(α1, k(α1)) = 1. Similarly, for any reasonable
k, say k ∈ [0, 35]%, there exists a α1(k) such that V0(α1(k), k) = 1. In other words,
given other parameters, the portfolio is self-ﬁnancing for some pair (α1, k(α1)) or
(α1(k), k). Under the AXA Re market conditions (see page 20), a fair price exists for
any reasonable α1 or k.
One of the objectives of this thesis is to answer an insurer’s question of how to
design a fair DSC. Now that we have studied the impact of the DSC on the initial
cost of the hedge portfolio, we are ready to propose a (optimization) procedure to
locate the optimal price (α1, k) for death and maturity protected variable annuities.
Further examples will be given later using the AXA Re GMADB.





















Deferred Currender Charge, k 
V 0
Insurance fee α1 
Figure 4.1: Initial cost of hedge for a variable annuity (GMADB) expiring in 8 years
with parameters given in Table 3.1 (the case of σ = 12.9%) with α1 ∈ [0, 250] basis
points and k ∈ [0, 20]%.
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Surrender Charge ; k
V 0
k = 0 %
k = 4 %
k = 8 %
k = 12 %
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α1 = 0 bp 
α1 = 50 bp 
α1 = 100 bp 
α1 = 150 bp 
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Figure 4.2: Initial cost of hedge for a variable annuity (GMADB) expiring in 8 years
with parameters given in Table 3.1 (the case of σ = 12.9%) as a function of α1 ∈
[0, 250] basis points (for various ﬁxed k) and of k ∈ [0, 20]% (for various ﬁxed α1).
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4.2 Optimization using the multidimensional sim-
plex algorithm
The optimization of a technical system is the process of adjusting the control vari-
ables to ﬁnd the levels that achieve the best outcome. Usually, like in our case, many
conﬂicting responses must be optimized simultaneously. Many techniques are avail-
able that are more systematic and eﬃcient than a “trial and error” approach. Note
that most of these techniques are only able to locate a local optimum rather than the
global one.
The Nelder and Mead (1965) simplex method is based on an initial design of
N + 1 trials, where N is the number of variables to optimize with respect to. In
N -dimensional space, a simplex with N +1 apexes is built. The basic idea is to move
as far as possible away from the worst apex W (the one that gives the worst value for
the function to be optimized). At every step a new simplex is built by eliminating
the worst apex W, if not more, and moving in the direction of the good apexes A
and B (those apexes whose values are close to the optimum). We describe the algo-
rithm below with the aid of Figure 4.3, in which e1, e2, e3, e4 are enlargements of the
worst apex W centered at C (the midpoint of BA) with coeﬃcient −1,−2, 1/2,−1/2,
respectively.
1. The worst apex is replaced by the better of e1 and e2 if at least one of them is
better than the best apex B of the simplex.
2. If not, it would be replaced by the better of e3 and e4, if at least one of them is
better than the one but worse apex (in a two-dimensional space).
3. If not, the best apex should be very close to the optimum. The simplex is shrunk
about center C with coeﬃcient 1/2.
In practice, the method converges quickly and is robust.



















C: midpoint of BA
e1, e2, e3, e4: new apexes
Figure 4.3: The multidimensional simplex algorithm of Nelder and Mead (1965).
Given our framework, we have chosen the simplex method for its eﬃciency and
ﬂexibility. In particular, we will have the ﬂexibility to ﬁnd the optimal price in either
an one-dimensional space (ﬁnd an optimal α for a given k or vice versa) or a two-
dimensional space (ﬁnd an optimal pair (α, k)), given an initializing triangle. The
optimal value for V0 is 1 so the function to minimize is |V0 − 1|. Note that the
minimum is not unique in the (α, k)-space (i.e., there is a range of pairs such that the
minimum is attained). Thus, the optimal price found using the algorithm would be
one of the minimizing pairs. If the three apexes of the starting simplex are chosen to
have same α (resp. k), the algorithm will provide the corresponding optimal value of
k (resp. α), if it exists. Note that the optimization is performed under the constraints
0 ≤ α ≤ 1 and 0 ≤ k ≤ 1.
Finally, in our implementation of the Nelder and Mead (1965) simplex algorithm,
the following enhancements have been added:
• Any apex outside the admissible space (i.e., not satisfying the constraints) will
not be considered. This is not a problem since our constraint space is convex.
• After a set (large) number of iterations the algorithm stops, since no existence
condition for the optimum has been sorted out.
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• The step size used in the computation of V0 is decreased incrementally from
10δ to δ as the trial value gets closer to the optimal value. This improves the
eﬃciency of our algorithm when high precision is required in our computations.
The corresponding Matlab program optimization is given in Appendix A.
4.3 Illustration using the AXA Re GMADB
Let us consider once again the AXA Re GMADB with standard market assumptions
(see page 20). Speciﬁcally, we rescale all values so that v0 = 1 (as in Sections 3.3.2
and 4.1) and use the parameters of Table 3.1 with α1 ∈ [0, 300] basis points. We use
the programs optimization and opti alpha (see Appendix A) with δ = 5 × 10−3
to compute the fee pairs (α1, k) displayed in Figure 4.4. For every α1, three points
(α1, k), k = 1%, 5%, 15%, have been chosen as a starting simplex to optimize V0 as a
function of (α1, k).
As expected, k decreases as α1 increases (and vice versa). Intuitively, α1 and
k complement each other in funding the hedge portfolio for the guarantee. Any
point on the plotted line in Figure 4.4 is a fair price for the guarantee; for example,
(α1, k) = (100 bp, 0.83%) for σ = 12.9%. The insurer can choose any of these points
as a fair price for the guarantee and may want to further take into account the
psychological eﬀect of the fees it charges. Choosing (α1, k) pairs to the left (resp.
right) of the fair price would constitute underpricing (resp. overpricing) the variable
annuity.
In comparison, the typical charges for the AXA Re GMADB (a maturity and
death protected variable annuity with an eight-year maturity) under standard market
conditions (see page 20) are:
• 100 basis points (bp, with 100 bp = 1%) for the insurance fee,
• 70 bp for the management fee (asset manager’s fee plus insurer’s fee),
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σ = 25% 
the variable annuity
 is not hedgeable 
Figure 4.4: Optimal (α1, k) pairs for a GMADB with expiry in 8 years for the pa-
rameters given in Table 3.1 and α1 ∈ [0, 300] basis points. The AXA Re GMADB
corresponds to σ = 12.9%
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• 1% for the DSC.
Figure 4.4 (case of 12.9%) shows that these charges are very reasonable. With k = 1%,
the fair price for the death and maturity protected variable annuity would be 112 basis
points, which is in close agreement with the price given by AXA Re. This conclusion is
diﬀerent from Milevsky and Salisbury’s (2002) conclusion for inﬁnite maturity death
protected variable annuity that the surrender charges are overpriced. When the model
includes an expiry date for the contract, prices prevalent in the industry are indeed
reasonable. Prices for AXA Re have been obtained through Monte Carlo simulation
using a 95% conﬁdence level. Our optimal price developed from hedging the worst
case is slightly higher than the price suggested by AXA Re.
Let us also note that the optimal pair (α1, k) strongly depends on the volatility.
When the volatility changes from 12.9% to 25%, the optimal price would increase
dramatically. Only a range of α1 (> 83 bp) has a corresponding fair DSC, and
reciprocally, only a range of k has a corresponding continuous hedge insurance charge.
The price would be much higher, and harder to accept, for the policyholder.
4.4 Comparing the GMDB in perpetuity and with
finite maturity
In Chapter 2, we have computed the price of death protected variable annuities
(GMDB) in perpetuity using Milevsky and Salisbury’s (2002) closed form solution
both without (simple case) and with (reﬁned case) irrational lapses and management
insurance fees. We revisit these cases using the ﬁnite maturity procedure (but set
a long maturity to approximate inﬁnite maturity) to check the convergence of our
method and to compare the prices of the GMDB with and without an expiry date.
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Figure 4.5: Approximate optimal price of a GMDB with no expiry date for the param-
eters given in the simple case of Table 2.1 computed using the ﬁnite horizon procedure
with T = 200 (cf. closed form solution of Figure 2.2).
4.4.1 GMDB in perpetuity
We work in the framework of Chapters 3 and 4 using market parameters given in
the simple case of Table 2.1. The maturity has been taken to be T = 200 years
to approximate an inﬁnite maturity. With δ = 0.05, we use the Matlab programs
portfolio, optimisation and opti alpha (see Appendix A) to compute the optimal
pairs (α1, k). Figure 4.5 shows that our method provides a good approximation to the
closed form solution for an inﬁnite horizon, since the (α1, k) pairs displayed in Figure
4.5 are very similar to those for the simple case displayed in Figure 2.2.
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σ  = 25% 
σ  = 12.9% 
Figure 4.6: Optimal price of a GMDB with expiry in 8 years for the parameters given
in the reﬁned case of Table 2.1.
4.4.2 GMDB with finite maturity
We take the market parameters to be given in the reﬁned case of Table 2.1. The
maturity has been taken to be T = 8 years. We use the program GMDB portfolio
(see Appendix A), instead of portfolio which is similar except for the computation
of the maturity value of the portfolio since a GMDB does not have any maturity
guarantee, with δ = 5× 10−3 to compute the (α1, k) pairs displayed in Figure 4.6.
Under similar market conditions, the optimal price of a GMDB is, not surprisingly,
cheaper than the optimal price of a GMADB, since the guarantee of a GMDB is less
extensive. For example, if the volatility is 12.9%, an optimal insurance charge for
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a DSC of k = 0.04% is α1 = 30 basis points. Let us compare this with the other
products mentioned before:
Type of Variable Annuity α1 k
GMDB with no expiry date 30 bp 0.02%
GMDB with expiry date 30 bp 0.04%
GMADB 30 bp 11.68%
The cost of maturity protection is much higher than that of death protection.
In the framework of Milevsky and Salisbury (2002), it is observed that death
protected variable annuities are overpriced in the market. Our results regarding the
GMDB are consistent with such an observation. However, for the GMADB which




We have developed in this thesis a procedure for pricing death and maturity protected
variable annuities, taking explicitly into account lapse behaviors. Policyholder are as-
sumed to act rationally and lapse as soon as the guarantee is overpriced. Fair prices
of such variable annuities (i.e., GMADB) can be broken down into two “interchange-
able” components: the continuous insurance charge and the deferred surrender charge
(DSC). Our method is a useful tool for reﬁning the charges of protected variable annu-
ities to make them as competitive as possible. Prices practiced in the industry agree
reasonably well with our results.
With only minor changes, prices of pure maturity protected variable annuities or
pure death protected variable annuities may be computed. Moreover, it is straightfor-
ward to incorporate other distributions for mortality and irrational lapse behavior, as
well as time-dependent insurance charge and time-dependent DSC, into the procedure.
Although the model we work with is simple in many ways, it highlights economic
arguments and tendencies while relying on the theory of option pricing. One should
bear in mind the strong assumptions made to build the model, particularly the geo-
metric Brownian motion behavior of stock prices, the constant rate assumptions and
the rationality of policyholders. The insurer often chooses conservative values for the
market parameters: for example, the upper bound of volatility and death rate or the
50
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lower bound of irrational lapse rate and interest rate should be considered. Price
robustness relative to model assumptions remains to be tested.
Finally, policyholders have been assumed to be rational so they would lapse the
variable annuity contract as soon as it is optimal to do so. Obviously, a signiﬁcant
proportion of policyholders purchase variable annuities to secure an investment or to
diversify their investment portfolios, the key feature being the guarantee. Therefore,
these investors may not be aware of how to lapse the contract, or may be unwilling to
do so easily. One could reﬁne our model by including a proportion of “sleeping” poli-
cyholders who are not reactive to market changes or who would never lapse. Including
such behaviors could potentially lead to even more competitive prices.
Appendix A
Matlab codes
The following programs have been written in the Matlab language, version 6.5.
A.1 Variable annuities with infinite maturity
A.1.1 Simple case
function together_graph(r, lambda, step, sigma1, alphaL1, alphaU1, ...
sigma2, alphaL2, alphaU2)
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
% Returns: - one graph of the lapse level vs insurance fee
% - one graph of the DSC vs insurance fee
% for two different volatilities, given interest rate, mortality rate,
% insurance fee.
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
% The formulas for the lapse level and DSC are due to Milevsky and
% Salisbury (2002).
% The rates assumed to be constant:
% r is the risk free interest rate (in %),
% lambda is the mortality rate (in per year),
% step is the number of points for the graph,
% sigma1, sigma2 are two volatilities (in %),
% [alphaL1,alphaU1], [alphaL2,alphaU2] are two ranges of insurance fees (in bp).
% together_graph has one subfunction lapse_level.
L1 = lapse_level(r,lambda, step, sigma1, alphaL1, alphaU1);
L2 = lapse_level(r,lambda, step, sigma2, alphaL2, alphaU2);
% L1 and L2 are three-column vectors containing (1st) continuous
% insurance fee, (2nd) optimal lapse level and (3rd) corresponding DSC
%%%%%%%%% GRAPH 1 : Lapsation Level versus Insurance Charge %%%%%%%%%
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axis([30 200 0.7 2.2]);
title(’Lapsation Level vs Insurance Charge’,’fontsize’,12);
xlabel(’Insurance Charge (Basis Points)’,’fontsize’,9);
ylabel(’Lapsation Level’,’fontsize’,9);
grid on






axis([0 200 0 0.04]);
title(’DSC vs Insurance Charge’,’fontsize’,12);




% GMDB case, sigma = 0.129
% together_graph(.046, 1/40, 100, .129, 5/10000, 260/10000, ...
% .25, 15/10000, 260/10000)
% For the graphs in Section 4 of Milevsky and Salisbury (2002):
% function together_graph(.06, 1/20, 100, .15, 7.27/10000, 260/10000, ...
% .25, 30/10000, 260/10000)
%%%%%%%% SUBFUNCTION : COMPUTE LAPSE AND OPTIMAL DSC %%%%%%%%%%%%%%%%%%%%%
function S = lapse_level(r, lambda, step, sigma, alphaL, alphaU)
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
% The function lapse_level computes:
% - the optimal lapse level
% - the corresponding DSC given the interest rate, the mortality rate,
% the insurance fee, the volatility in the ideal case
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
% The volatility and the bounds for the simulation for the insurance
% fee are arguments of the function alphaDown<=alphaL<alphaU<=alphaUp,
% alphaDown is calculated numerically according to Milevsky and
% Salisbury (2002) eqn. 34, alphaUp is given explicitly by 35
% S is a 3 column vector containing (1st) continuous insurance fee,
% (2nd) optimal lapse level and (3rd) corresponding DSC
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alpha=[alphaL:(alphaU-alphaL)/(step-1):alphaU]’;
% All the values are taken as constant except alpha whose range is in
% between alphaL and alphaU. We choose to compute the lapsation level and
% the corresponding DSC for alpha uniformly distributed.
%%%% PARAMETERS %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
%











%%%%%%%%%%%%%%%%% LAPSE LEVEL %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
Lint=(b2.*(1-a2))./((a1-1).*b1);
L=Lint.^(1./(a1-a2));
%%%%%%%%%%%%%%%%%%% CORRESPONDING DSC %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
K=1-lambda./(lambda+alpha)-b1.*L.^(a1-1)-b2.*L.^(a2-1);
%%%%%%%%%% FEASIBLE VALUES %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
alphaUp=sigma.^2.*lambda./(2.*r);
%%%%%%%%%% ADMISSIBLE DSC %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
% NB: the lower bound is not included in the selection of





function together_graph_RC(alpha1Low, alpha1Up, alpha2, g, lambda1, ...
lambda2, r, sigma1, sigma2)
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
% The function together_graph_RC returns :
% - one graph of the lapse level vs insurance fee
% - one graph of the DSC vs insurance fee
% for two different volatility, given the interest rate, the mortality
% rate, the insurance fee for the refined case of study
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
% The design of the lapse level and the DSC come from Milevsky and
% Salisbury (2002), 6.6
% r is the risk free interest rate,
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% lambda1 is the mortality rate,
% sigma1, sigma2 are 2 volatility for the simulation,
% [alphaLow,alphaUp] is the range of insurance fee taken for the two simulations.
% together_graph_RC has one subfunction lapse_DSC_RC
% the unit used are SI, the rates assumed to be constant
L1 = lapse_DSC_RC(alpha1Low, alpha1Up,alpha2,g,lambda1,lambda2,r,sigma1);
L2 = lapse_DSC_RC(alpha1Low, alpha1Up,alpha2,g,lambda1,lambda2,r,sigma2);
% l1 and l2 are 2 colons vectors, the 1st colon contains the
% continuous reinsurance fee, the 2nd the optimal lapse level






xlabel(’Insurance Charge (Basis Points)’,’fontsize’,12);
ylabel(’Lapsation Level’,’fontsize’,12);
grid on






xlabel(’Insurance Charge (Basis Points)’,’fontsize’,12);
ylabel(’DSC’,’fontsize’,12);
grid on
% Nb case of study in Axa, GMDB
%together_graph_RC(0.0001, 0.006,0.03,0,0.025,-log(.02),0.046,0.129,0.25)
% Last modified on the 19th of August, 2003
function S=Lapse_DSC_RC(alpha1Low, alpha1Up,alpha2,g,lambda1,lambda2,r,sigma)
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
% The function lapse_levelRC computes :
% - the optimal lapse level
% - and the DSC
% given the interest rate, the mortality rate,
% the part of the insurance fee allocated to other purposes,
% the guarantee rate, the mortality rate,
% the irrationnal lapsation rate,the interest rate, the volatility ,
% for a range of insurance fee used for hedging purpose(=reinsurance fee),
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
% Illustration of the document of Milevsky and Salisbury "The Real Option
% to Lapse and the valuation of Death Protected Investment ?" , Refined
% Case
% Please refer to 6.6 Commentary on the section 3 : the free BVP
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% All the paramater have been set as a constant, except the reinsurance fee
% the function computes the lapsation level for the reinsurance fee from
% alpha1low to alpha1up with a step pas
% S is a pas*3 matrix, the first colonn is the re
% insurance fee, the second one the optimal lapsation level,
% the 3rd colon return the corresponding
% DSC
pas=50;
global A1 A2 B2 ALPHA1 ALPHA LAMBDA1 LAMBDA2












% A1,A2,B2 are also defined as local, as we want to minimize
% the use of global variables
l(1:2,j)=[alpha1; fzero(@equation,1)];
l(3,j)=SurrenderCharge(a1,a2,alpha,alpha2,b2,lambda,lambda1,l(2,j));
% if fzero has no solution NaN is return, if got several the closest to 1
% is return. From Section 6.7 there is a positive root only when




% if the lapse level is below one, then the policyholder will lapse
% instantly after entering the contract, DSC would be 0 cf
% section 3
S=l;










%%%%% SUBFUNCTION 1 %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
%%%%%%%%%%%Equation 64 that will be solved in the main function%%%%%%%%%%%
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function e=equation(l)
global A1 A2 B2 ALPHA ALPHA1 LAMBDA1 LAMBDA2;
e=(B2*(1-A2))/(A1-1)+(B2-ALPHA1/(LAMBDA1+ALPHA))*l^(A1-A2)...
+(LAMBDA2*B2*(A1-A2))/((A1-1)*(LAMBDA1+ALPHA))*l^(A1-1);
%%%%%%%% SUBFUNCTION 2 %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
% Computes the DSC given the lapse level and all the other




%Last modified on August the 18th, 2003
A.2 Variable annuities with finite maturity
A.2.1 Cost of the hedge portfolio
function V0=portfolio(alpha1,alpha2, deltaT,g, lambda1, lambda2, k,u0,T, r, sigma)
% Computes the price of a maturity and death protected variable annuity,
% the GMABD using backward induction
% Sometimes % preceed a command. They might be deleted to get the scketch








%B = round(A) rounds the elements of A to the nearest integers.
% so we might go slightly before maturity or after




%%%%%%%%% UNDERLYING PATTERN %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%







% p is the probability to go up and down on the tree
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%%%%%%%% MATURITY VALUE %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%














%%%%%%% BACKWARD INDUCTION %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%



















% to get the right indice from the border and get rid of the extreme











% last modified on 2002 August, the 30th
%Axa Case : portfolio(90/10000,70/10000,.01,0.0,1/40,0.01,.01,1,8,0.046,0.129)
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return
%% The following subprogramm might be activated if "return" above is
%% deleted








%%%%%%%%%% PLOT THE CURRENT VALUE OF THE PORTFOLIO %%%%%%%%%%%%%%%%%%%%%%%%

















A.2.2 Finding a fair price
function [alpha1, k]=optimisation(alpha11,alpha12, alpha13,alpha2, deltaT,g, ...
lambda1, lambda2, surcharge1,surcharge2,surcharge3,u0,T, r, sigma)
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
% The program finds alpha and k such that V0=portfolio(...)=1
% where portfolio computes the price of a maturity and death protected
% variable annuity, the GMADB.
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
% The design of the optimization function comes from the sequential simplex
% optimization, Nelder and Mead (1962)












% %U classified the 3 prices, from the closest to 1 to the farthest




% to be sure not to stop the while at the first time.












Ve=portfolio(e(1),alpha2, deltaT,g, lambda1, lambda2, e(2),u0,T, r, sigma);
if (abs(Ve-1)<ascending(1)) & min(e)>=0;
e2=c+gamma*(c-p);
Ve2=portfolio(e2(1),alpha2,deltaT,g,lambda1,lambda2,e2(2),u0,T,r,sigma);








Ve3=portfolio(e3(1),alpha2, deltaT,g, lambda1, lambda2, e3(2),...
u0,T, r, sigma);
Ve4=portfolio(e4(1),alpha2, deltaT,g, lambda1, lambda2, e4(2),...
u0,T, r, sigma);
Ue34=min(abs(Ve3-1),abs(Ve4-1));









lambda2, ord_par(2,2),u0,T, r, sigma);
ascending(2)=abs(Va-1);
ord_par(:,3)=1/2*(m+p);
Vp=portfolio(ord_par(1,3),alpha2, deltaT,g, lambda1, ...
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V0=portfolio(alpha1,alpha2, deltaT,g, lambda1, lambda2, k,u0,T, r, sigma)
% AXA Case optimisation(, , , 70/10000, 0.02,0, .025, .01, ,,,1,8, .046, .129)
% deltaT at the end is 0.005
%last modified 2003, August the 30th




% The program draws a curve of optimal DSC for values of alpha
% The design of the optimization function comes from the sequential simplex
% optimization, Nelder and Mead (1962), and of the valuation function from







[along, klong]=optimisation(alpha,alpha, alpha,alpha2, deltaT,g, lambda1, ...












%last modified 2003 August, the 30th
Appendix B
Optimal prices
We report the optimal DSC (denoted by k0.129 and k0.25 for volatilities σ = 12.9%
and σ = 25%, respectively) corresponding to various values of the hedging insurance
charge α1.
B.1 Optimal price of a GMADB
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B.2 Optimal price of a GMDB in perpetuity
Refer to Section 4.3.1 for the market conditions. The values given below have been
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B.3 Optimal price of a GMDB with finite maturity
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